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5 3 Algebraic integers

Here’s a first taste of algebraic number theory.

This is really close to the border between olympiads and higher math. You’ve always
known that a++/2b had a “norm” a®—2b%, and that somehow this norm was multiplicative.
You’ve also always known that roots come in conjugate pairs. You might have heard of
minimal polynomials but not know much about them.

This chapter and the next one will make all these vague notions precise. It’s drawn
largely from the first chapter of [0Og10].

§53.1 Motivation from high school algebra

This is adapted from my blog, Power Quverwhelming".
In high school precalculus, you’ll often be asked to find the roots of some polynomial
with integer coefficients. For instance,

23— 2?2 —2—15=(z —3)(2® + 2z + 5)
has roots 3, —1 4 2i, —1 — 2¢. Or as another example,
23 =322 — 204+ 2= (x4 1)(2? — 42 + 2)

has roots —1, 2 4+ v/2, 2 — v/2. You’ll notice that the irrational roots, like —1 + 2i and
2 4+ /2, are coming up in pairs. In fact, I think precalculus explicitly tells you that the
complex roots come in conjugate pairs. More generally, it seems like all the roots of the
form a 4 by/c come in “conjugate pairs”. And you can see why.
But a polynomial like
z® — 8z +4

has no rational roots. (The roots of this are approximately —3.0514, 0.51730, 2.5341.)
Or even simpler,
3 =2

has only one real root, /2. These roots, even though they are irrational, have no
“conjugate” pairs. Or do they?

Let’s try and figure out exactly what’s happening. Let o be any complex number. We
define a minimal polynomial of a over QQ to be a polynomial such that

o P(x) has rational coefficients, and leading coefficient 1,
o P(a)=0.

e The degree of P is as small as possible. We call deg P the degree of a.

Example 53.1.1 (Examples of minimal polynomials)

(a) v/2 has minimal polynomial 22 — 2.

b) The imaginary unit i = v/—1 has minimal polynomial 2 + 1.
( ginary Vv poly

'URL: https://blog.evanchen.cc/2014/10/19/why-do-roots-come-in-conjugate-pairs/
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(c) A primitive pth root of unity, ¢, = e » , has minimal polynomial 2P~ 4 P2
-+ 4+ 1, where p is a prime.

Note that 10022 — 200 is also a polynomial of the same degree which has v/2 as a root;
that’s why we want to require the polynomial to be monic. That’s also why we choose to
work in the rational numbers; that way, we can divide by leading coefficients without
worrying if we get non-integers.

Why do we care? The point is as follows: suppose we have another polynomial A(z)
such that A(a) = 0. Then we claim that P(z) actually divides A(z)! That means that
all the other roots of P will also be roots of A.

The proof is by contradiction: if not, by polynomial long division we can find a quotient
and remainder Q(x), R(x) such that

Ax) = Q(z)P(x) + R(z)

and R(x) # 0. Notice that by plugging in * = «, we find that R(a) = 0. But
deg R < deg P, and P(x) was supposed to be the minimal polynomial. That’s impossible!

It follows from this and the monotonicity of the minimal polynomial that it is unique
(when it exists), so actually it is better to refer to the minimal polynomial.

I Exercise 53.1.2. Can you find an element in C that has no minimal polynomial?

Let’s look at a more concrete example. Consider A(z) = 23 — 322 — 2z + 2 from the
beginning. The minimal polynomial of 2 + /2 is P(z) = 2> — 42 + 2 (why?). Now we
know that if 2 4+ v/2 is a root, then A(zx) is divisible by P(x). And that’s how we know
that if 2 + /2 is a root of A, then 2 — /2 must be a root too.

As another example, the minimal polynomial of ¥/2 is 2° — 2. So ¢/2 actually has two
conjugates, namely, a = /2 (cos120° +isin 120°) and 3 = /2 (cos 240° + i sin 240°).
Thus any polynomial which vanishes at /2 also has a and 8 as roots!

Question 53.1.3 (Important but tautological: irreducible <= minimal). Let a be a
root of the polynomial P(z). Show that P(z) is the minimal polynomial if and only if it is
irreducible.

§53.2 Algebraic numbers and algebraic integers

Prototypical example for this section: /2 is an algebraic integer (root of x> — 2), % s an
algebraic number but not an algebraic integer (root of x — %)

Let’s now work in much vaster generality. First, let’s give names to the new numbers
we’ve discussed above.

Definition 53.2.1. An algebraic number is any o € C which is the root of some
polynomial with coefficients in Q. The set of algebraic numbers is denoted Q.

Remark 53.2.2 — One can equally well say algebraic numbers are those that are
roots of some polynomial with coefficients in Z (rather than Q), since any polynomial
in Q[x] can be scaled to one in Z[z].

Definition 53.2.3. Consider an algebraic number « and its minimal polynomial P
(which is monic and has rational coefficients). If it turns out the coefficients of P are
integers, then we say « is an algebraic integer.

The set of algebraic integers is denoted Z.
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Remark 53.2.4 — One can show, using Gauss’s Lemma, that if « is the root of
any monic polynomial with integer coefficients, then « is an algebraic integer. So in
practice, if I want to prove that v/2 + /3 is an algebraic integer, then I only have to
say “the polynomial (22 — 5)? — 24 works” without checking that it’s minimal.

Sometimes for clarity, we refer to elements of Z as rational integers.

Example 53.2.5 (Examples of algebraic integers)

The numbers

4,i=+v-1, V2, V2+ V3

are all algebraic integers, since they are the roots of the monic polynomials x — 4,
2?2 +1, 23 — 2 and (22 - 5)? — 24.

The number % has minimal polynomial x — %, so it’s an algebraic number but not
an algebraic integer. (In fact, the rational root theorem also directly implies that
any monic integer polynomial does not have % as a root!)

There are two properties I want to give for these off the bat, because they’ll be used
extensively in the tricky (but nice) problems at the end of the section. The first we prove
now, since it’s very easy:

Proposition 53.2.6 (Rational algebraic integers are rational integers)

An algebraic integer is rational if and only if it is a rational integer. In symbols,

ZNQ=7.

Proof. Let a be a rational number. If « is an integer, it is the root of © — «, hence an
algebraic integer too.

Conversely, if P is a monic polynomial with integer coefficients such that P(a) = 0
then (by the rational root theorem, say) it follows @ must be an integer. O

The other is that:

Proposition 53.2.7 (Z is a ring and Q is a field)

The algebraic integers Z form a ring. The algebraic numbers Q form a field.

We could prove this now if we wanted to, but the results in the next chapter will more or
less do it for us, and so we take this on faith temporarily.

§53.3 Number fields

Prototypical example for this section: Q(\/?) s a typical number field.

Given any algebraic number «, we're able to consider fields of the form Q(«). Let us
write down the more full version.

Definition 53.3.1. A number field K is a field containing QQ as a subfield which is a
finite-dimensional Q-vector space. The degree of K is its dimension.
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Example 53.3.2 (Prototypical example)

Consider the field
K =Q(v2) ={a+bv2|a,beQ}.

This is a field extension of @, and has degree 2 (the basis being 1 and v/2).

You might be confused that I wrote Q(v/2) (which should permit denominators)
instead of Q[v/2], say. But if you read through Example 5.5.4, you should see that the
denominators don’t really matter: 371 75 = %(3 +/2) anyways, for example. You can
either check this now in general, or just ignore the distinction and pretend I wrote square
brackets everywhere.

I Exercise 53.3.3 (Unimportant). Show that if « is an algebraic number, then Q(«) = Q|a].

Example 53.3.4 (Adjoining an algebraic number)

Let o be the root of some irreducible polynomial P(x) € Q[z]. The field Q(«) is
a field extension as well, and the basis is 1, o, a?,...,a™ !, where m = deg P. In
particular, the degree of Q(«) is the degree of P.

Example 53.3.5 (Non-examples of number fields)

R and C are not number fields since there is no finite Q-basis of them.

§53.4 Primitive element theorem, and monogenic extensions

Prototypical example for this section: Q(v/3,v/5) = Q(v/3 + v/5). Can you see why?

I'm only putting this theorem here because I was upset that no one told me it was true
(it’s a very natural conjecture), and I hope to not do the same to the reader. However,
I’'m not going to use it in anything that follows.

Theorem 53.4.1 (Artin’s primitive element theorem)

Every number field K is isomorphic to Q(«) for some algebraic number «.

The proof is left as Problem 59F, since to prove it I need to talk about field extensions
first.
The prototypical example

Q(V3,V5) = Q(V3 + V5)

makes it clear why this theorem should not be too surprising.

§53.5 A few harder problems to think about

Problem 53A. Find a polynomial with integer coefficients which has v/2 + /3 as a
root.
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Problem 53B (Brazil 2006). Let p be an irreducible polynomial in Q[z] and degree
larger than 1. Prove that if p has two roots r and s whose product is 1 then the degree
of p is even.

Problem 53C*. Consider n roots of unity €1, ..., €,. Assume the average %(61 +--ten)
is an algebraic integer. Prove that either the average is zero or ¢ = - -+ = &,,. (Used in
Lemma 22.2.2.)

Problem 53Df. Which rational numbers ¢ satisfy cos(qr) € Q?

Problem 53E (MOP 2010). There are n > 2 lamps arranged in a circle; initially one is
on and the others are off. We may select any regular polygon whose vertices are among
the lamps and toggle the states of all the lamps simultaneously. Show it is impossible to
turn all lamps off.

Problem 53F (Kronecker’s theorem). Let a be an algebraic integer. Suppose all its
Galois conjugates have absolute value one. Prove that oY = 1 for some positive integer
N.

Problem 53G. Is there an algebraic integer with absolute value one which is not a root
of unity?

Problem 53H. Is the ring of algebraic integers Noetherian?
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§54.1 Norms and traces

Prototypical example for this section: a+bv/2 as an element of Q(+v/2) has norm a® — 2b?
and trace 2a.

Remember when you did olympiads and we had like a? + b was the “norm” of a 4 bi?
Cool, let me tell you what’s actually happening.
First, let me make precise the notion of a conjugate.

Definition 54.1.1. Let « be an algebraic number, and let P(x) be its minimal polynomial,
of degree m. Then the m roots of P are the (Galois) conjugates of a.

It’s worth showing at the moment that there are no repeated conjugates.

Lemma 54.1.2 (Irreducible polynomials have distinct roots)

An irreducible polynomial in Q[x] cannot have a complex double root.

Proof. Let f(x) € Q[x] be the irreducible polynomial and assume it has a double root «.
Take the derivative f’(z). This derivative has three interesting properties.

o The degree of f’ is one less than the degree of f.

e The polynomials f and f’ are not relatively prime because they share a factor
T — a.

e The coefficients of f’ are also in Q.

Consider g = ged(f, f'). We must have g € Q[z] by Euclidean algorithm. But the first
two facts about f’ ensure that g is nonconstant and degg < deg f. Yet g divides f,
contradiction to the fact that f should be a minimal polynomial. O

Hence o has exactly as many conjugates as the degree of a.

Now, we would like to define the norm of an element N(«) as the product of its
conjugates. For example, we want 2 4 ¢ to have norm (2 +4)(2 — i) = 5, and in general
for a 4 bi to have norm a? + b2. It would be really cool if the norm was multiplicative;
we already know this is true for complex numbers!

Unfortunately, this doesn’t quite work: consider

N(2+414) =5and N(2—1i) =5.

But (2 +14)(2 — i) = 5, which doesn’t have norm 25 like we want, since 5 is degree 1 and
has no conjugates at all. The reason this “bad” thing is happening is that we’re trying
to define the norm of an element, when we really ought to be defining the norm of an
element with respect to a particular K.

What I'm driving at is that the norm should have different meanings depending on
which field you’re in. If we think of 5 as an element of QQ, then its norm is 5. But thought
of as an element of Q(i), its norm really ought to be 25. Let’s make this happen: for K
a number field, we will now define N g(a) to be the norm of a with respect to K as
follows.

539
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Definition 54.1.3. Let a € K have degree n, so Q(a) C K, and set k = (deg K)/n.
The norm of « is defined as

k
Ng/gla) = (H Galois conj of a) .
The trace is defined as
Try gla) =k - (Z Galois conj of a) :

The exponent of k is a “correction factor” that makes the norm of 5 into 52 = 25 when
we view 5 as an element of Q(7) rather than an element of Q. For a “generic” element of
K, we expect k= 1.

Exercise 54.1.4. Use what you know about nested vector spaces to convince yourself that
k is actually an integer.

Example 54.1.5 (Norm of a + by/2)

Let « = a+bv2 € Q(v2) = K. If b # 0, then a and K have the degree 2. Thus the
only conjugates of o are a & bv/2, which gives the norm

(a+bv2)(a —bV2) = a® — 20%,

The trace is (a — bv/2) + (a + by/2) = 2a.
Nicely, the formula a? — 2b? and 2a also works when b = 0.

Example 54.1.6 (Norm of a + b3/2 + cV/4)
Let a = a +bv/2 +cy4 € Q(¥/2) = K. As above, if b # 0 or ¢ # 0, then «
and K have the same degree 3. The conjugates of a are a + bv/2w + cv/4w? and
a + bv/2w? + c¥/4w, and we can compute Ng/gla) = a® + 2b% + 4¢3 — 6abe and
Trg/g(a) = 3a.

Note that in this case the conjugates of o does not lie in the field K!

Of importance is:

Proposition 54.1.7 (Norms and traces are rational integers)

If « is an algebraic integer, its norm and trace are rational integers.

I Question 54.1.8. Prove it. (Vieta formula.)

That’s great, but it leaves a question unanswered: why is the norm multiplicative? To
do this, I have to give a new definition of norm and trace.

Remark 54.1.9 — Another way to automatically add the “corrective factor” is to
use the embeddings of K into C.

As we will see later, in Theorem 59.3.1, there are exactly d = deg K embeddings of
K into C, say 01, ...,04. Then, Trg /(o) = >4, oi(a) and Ng/gla) = ML, oi(e).
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~N
Theorem 54.1.10 (Morally correct definition of norm and trace)
Let K be a number field of degree n, and let a € K. Let puo: K — K denote the
map
T = ox
viewed as a linear map of Q-vector spaces. Then,
e the norm of a equals the determinant det pq, and
o the trace of a equals the trace Tr .-
. J

The definition of the determinant has an obvious geometrical interpretation: viewing
K = Q™ as a vector space, the determinant measures how much Q" is stretched when
multiplied by . That is, given a parallelepiped with volume v in Q", it will be transformed
to one with volume | N(a)|v under the transformation pi.

Since the trace and determinant don’t depend on the choice of basis, you can pick
whatever basis you want and use whatever definition you got in high school. Fantastic,
right?

Example 54.1.11 (Explicit computation of matrices for a + b/2)
Let K = Q(v/2), and let 1, /2 be the basis of K. Let

a=a+b/2
(possibly even b = 0), and notice that
(a = b\/i) (x + y\@) = (az + 2yb) + (bx + ay) V2.
We can rewrite this in matrix form as
[a Qb] [x} _
b a|ly
Consequently, we can interpret i, as the matrix
ey o)

Of course, the matrix will change if we pick a different basis, but the determinant
and trace do not: they are always given by

ax + 2yb
br 4 ay

det piq = a® — 2b% and Tr p, = 2a.

This interpretation explains why the same formula should work for a + by/2 even in the
case b = 0.

Proof. T’ll prove the result for just the norm; the trace falls out similarly. Set
n = dega, kn = deg K.

The proof is split into two parts, depending on whether or not k£ = 1.
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Proof if k =1. Set n = dega = deg K. Thus the norm actually s the product of the

Galois conjugates. Also,
{1,a,...,a" '}

is linearly independent in K, and hence a basis (as dim K = n). Let’s use this as the
basis for pq.
Let
" cp 12" M e

n—l) —

be the minimal polynomial of a. Thus (1) = o, p1a(a) = @2, and so on, but juq (c

—cp_1a™ 1 — ... — ¢g. Therefore, ji, is given by the matrix

000 ... 0 —c

100 ... 0 =—c

M=10 10 ... 0 —C9

: 0 —Cnp—2

0 00 1 —cp1
Thus

det M = (—1)”60

and we’re done by Vieta’s formulas. |

Proof if k > 1. We have nested vector spaces

QCQ(a) C K.

Let eq, ..., ex be a Q(«)-basis for K (meaning: interpret K as a vector space over Q(«),
and pick that basis). Since {1,a,...,a" 1} is a Q basis for Q(a), the elements

el, e, ..., e !
er, epa, ..., exa™ !
ek, R, ..., epa™ !

constitute a Q-basis of K. Using this basis, the map u, looks like

M
M

M

k times

where M is the same matrix as above: we just end up with one copy of our old matrix
for each e;. Thus det o = (det M)*, as needed. [ |

I Question 54.1.12. Verify the result for traces as well. O

From this it follows immediately that

Ng/g(aB) = Ngjg(a) Ng/o(B)
because by definition we have
Hap = Ha © KB,

and that the determinant is multiplicative. In the same way, the trace is additive.
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§54.2 The ring of integers

Prototypical example for this section: If K = Q(v/2), then Ox = Z[\/2]. But if K =
Q(V/5), then Ok = Z[155).
7Z makes for better number theory than Q. In the same way, focusing on the algebraic

integers of K gives us some really nice structure, and we’ll do that here.

Definition 54.2.1. Given a number field K, we define
O =Kn Z

to be the ring of integers of K; in other words O consists of the algebraic integers of
K.

We do the classical example of a quadratic field now. Before proceeding, I need to
write a silly number theory fact.

Exercise 54.2.2 (Annoying but straightforward). Let a and b be rational numbers, and d a
squarefree positive integer.
e If d=2,3 (mod 4), prove that 2a,a® — db* € Z if and only if a,b € Z.

e For d = 1 (mod 4), prove that 2a,a? — db*> € Z if and only if a,b € Z OR if
a—%,b—%eZ.

You’ll need to take mod 4.

Example 54.2.3 (Ring of integers of K = Q(1/3))
Let K be as above. We claim that

OK:Z[\/E]:{m+n\/§|m,n€Z}.

We set a = a + by/3. Then o € Ok when the minimal polynomial has integer
coefficients.

If b = 0, then the minimal polynomial is x — a = x — a, and thus « works if and
only if it’s an integer. If b # 0, then the minimal polynomial is

(z —a)? — 302 =22 — 2a - = + (a® — 3b?).

From the exercise, this occurs exactly for a,b € Z.

Example 54.2.4 (Ring of integers of K = Q(+/5))
We claim that in this case

1++5
2

Ok =17

1
:{m—i-n- +2\/5|m,n€Z}.

The proof is exactly the same, except the exercise tells us instead that for b # 0, we
have both the possibility that a,b € Z or that a,b € Z — % This reflects the fact

that % is the root of 22 — x — 1 = 0; no such thing is possible with /3.
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In general, the ring of integers of K = Q(v/d) is

Z[\Vd] d=2,3 (mod 4)
Ok =
Z [%] d=1 (mod 4).

What we're going to show is that O behaves in K a lot like the integers do in Q. First we
show K consists of quotients of numbers in O . In fact, we can do better:

Example 54.2.5 (Rationalizing the denominator)

For example, consider K = Q(v/3). The number x = 4+1 7 is an element of K, but

by “rationalizing the denominator” we can write

1 4-3
443 13

So we see that in fact, x is %3 of an integer in Ok.

The theorem holds true more generally.

4 N\
Theorem 54.2.6 (K = Q- Ok)
Let K be a number field, and let x € K be any element. Then there exists an integer
n such that nx € Of; in other words,
1
Tr=—«
n
for some o € Ok.
. J

Exercise 54.2.7. Prove this yourself. (Start by using the fact that = has a minimal
polynomial with rational coefficients. Alternatively, take the norm.)

Now we are going to show Ok is a ring; we’ll check it is closed under addition and
multiplication. To do so, the easiest route is:

Lemma 54.2.8 (o« € Z <= Z|q] finitely generated)

Let o € Q. Then « is an algebraic integer if and only if the abelian group Z[a] is
finitely generated.

Proof. Note that « is an algebraic integer if and only if it’s the root of some nonzero,
monic polynomial with integer coefficients. Suppose first that

aN = cN_loszl + cN_zaN*2 + -+ cp-

N until all

Then the set 1,q,...,a"N "1 generates Z[a], since we can repeatedly replace «
powers of « are less than V.

Conversely, suppose that Z[a] is finitely generated by some by, ..., by,. Viewing the b;
as polynomials in «, we can select a large integer N (say N = degb; +- - - +deg by, +2015)

and express oV in the b;’s to get

o = e1bi(@) 4+ -+ + b ().
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The above gives us a monic polynomial in «, and the choice of N guarantees it is not
zero. So « is an algebraic integer. O

Example 54.2.9 (% isn’t an algebraic integer)

We already know % isn’t an algebraic integer. So we expect

1 a
Z[z}:{w\a,mEZandmZO}

to not be finitely generated, and this is the case.

Question 54.2.10. To make the last example concrete: name all the elements of Z]
cannot be written as an integer combination of

3] that

1 7 13 2015 1
2787647 4096 1048576

Now we can state the theorem.

Theorem 54.2.11 (Algebraic integers are closed under + and x)

The set Z is closed under addition and multiplication; i.e. it is a ring. In particular,
Ok is also a ring for any number field K.

Proof. Let o, 3 € Z. Then Z[a] and Z[f] are finitely generated. Hence so is Z[a, 3].
(Details: if Z[a] has Z-basis ay, ..., a,, and Z[f] has Z-basis by, . .., by, then take the mn
elements a;b;.)

Now Z[a £ ] and Z[a] are subsets of Z|a, 3] and so they are also finitely generated.
Hence a + 8 and af are algebraic integers. O

In fact, something even better is true. As you saw, for Q(v/3) we had Ox = Z[/3];
in other words, Ok was generated by 1 and v/3. Something similar was true for Q(v/5).
We claim that in fact, the general picture looks exactly like this.

4 N\
Theorem 54.2.12 (Ok is a free Z-module of rank n)

Let K be a number field of degree n. Then O is a free Z-module of rank n, i.e.
O = Z%" as an abelian group. In other words, Ok has a Z-basis of n elements as
Ok ={cia1 + - +cp10n-1 + cran | ¢; € Z}

where «; are algebraic integers in O
. J

The proof will be postponed to a later chapter.
This last theorem shows that in many ways Ok is a “lattice” in K. That is, for a
number field K we can find «q, ..., a, in Ok such that

Ok =EZ D@ - oyl
K=2a01Q®aQ® - & a,Q

as abelian groups.
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§54.3 On monogenic extensions

Recall that it turned out number fields K could all be expressed as Q(«) for some . We
might hope that something similar is true of the ring of integers: that we can write

O = Z[f]

in which case {1,0,...,6" !} serves both as a basis of K and as the Z-basis for O (here
n = [K : Q)]). In other words, we hope that the basis of Ok is actually a “power basis”.
This is true for the most common examples we use:

e the quadratic field, and
o the cyclotomic field in Problem 54Ef.

Unfortunately, it is not true in general: the first counterexample is K = Q(«) for « a
root of X3 — X2 —2X — 8.

We call an extension with this nice property monogenic. As we’ll later see, monogenic
extensions have a really nice factoring algorithm, Theorem 55.5.4.

Remark 54.3.1 (What went wrong with Ox?) — As we have just mentioned above,
as an abelian group, O = Z3, so it’s generated by finitely many elements.

In fact, {1,, 3} is a basis of O, where § = %0‘2 The group generated by
{1,@,a?} has index 2 in Ok — that is, |Ox/(1,a,a?)| = 2, and we misses [3.

If we try to pick {1, [, 3%} as a basis instead, again we get |Ox/(1,8,5%)| = 2,
and we misses a. If you explicitly compute it out, you can get 5% = 30‘2%70‘ +6 =
36+ 2a + 6.

While this is not a proof that the extension is not monogenic, hopefully it gives
you a feeling of the structure of O.

§54.4 A few harder problems to think about

Problem 54A*. Show that « is a unit of Ok (meaning o' € Ok) if and only if
NK/Q(a) ==1.

Problem 54B*. Let K be a number field. What is the field of fractions of Og?

Problem 54C (Russian olympiad 1984). Find all integers m and n such that
(5+3v2)" = (3+5v2)".

Problem 54D (USA TST 2012). Decide whether there exist a, b, ¢ > 2010 satisfying
a® 4 2b% + 4¢® = 6abe + 1.

Problem 54E" (Cyclotomic Field). Let p be an odd rational prime and ¢, a primitive
pth root of unity. Let K = Q((,). Prove that O = Z[(p]. (In fact, the result is true
even if p is not a prime.)
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Took long enough.

§55.1 Motivation

Suppose we're interested in solutions to the Diophantine equation n = 22 4 5y for a
given n. The idea is to try and “factor” n in Z[\/—5], for example

6 = (1++v=5)(1—+-5).

Unfortunately, this is not so simple, because as I've said before we don’t have unique
factorization of elements:

6=2-3=(1+v=5)(1-v=5).

One reason this doesn’t work is that we don’t have a notion of a greatest common divisor.
We can write (35,77) = 7, but what do we make of (3,1 +1/=5)?

The trick is to use ideals as a “generalized GCD”. Recall that by (a,b) I mean the ideal
{ax + by | z,y € Z[\/=5]}. You can see that (35,77) = (7), but (3,1 + /=5) will be left
“unsimplified” because it doesn’t represent an actual value in the ring. Using these sets
(ideals) as elements, it turns out that we can develop a full theory of prime factorization,
and we do so in this chapter.

In other words, we use the ideal (ay,...,a,) to interpret a “generalized GCD” of ay,
..., Q. In particular, if we have a number x we want to represent, we encode it as just

Going back to our example of 6,
(6)=(2)-@3) = (1+v=5)-(1-v=5).

Please take my word for it that in fact, the complete prime factorization of (6) into prime

ideals is
(6) = (27 1- \/j5)2(37 1+ \/j5)(3’ 1- \/j5) = pQCI1CI2.

In fact, (2) = p%, (3) = q192, (1 ++/—=5) = pq1, (1 — v/=5) = pga. So 6 indeed factorizes
uniquely into ideals, even though it doesn’t factor into elements.

As one can see above, ideal factorization is more refined than element factorization.
Once you have the factorization into ideals, you can from there recover all the factorizations
into elements. The upshot of this is that if we want to write n as 2% + 532, we just have
to factor n into ideals, and from there we can recover all factorizations into elements,
and finally all ways to write n as z2 4+ 5y2. Since we can already break n into rational
prime factors (for example 6 = 2 - 3 above) we just have to figure out how each rational
prime p | n breaks down. There’s a recipe for this, Theorem 55.5.4! In fact, I'll even tell
you what is says in this special case:

o If 12 + 5 factors as (t + ¢)(t — ¢) (mod p), then (p) = (p,c+ v/=5)(p,c — /=5).
o Otherwise, (p) is a prime ideal.

In this chapter we’ll develop this theory of unique factorization in full generality.

047
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Remark 55.1.1 — In this chapter, I'll be using the letters a, b, p, q for ideals of
Ok . When fractional ideals arise, I'll use I and J for them.

§55.2 lIdeal arithmetic

Prototypical example for this section: (x)(y) = (xy), and (z) + (y) = (ged(z,y)). In any
case, think in terms of generators.

First, I have to tell you how to add and multiply two ideals a and b.
Definition 55.2.1. Given two ideals a and b of a ring R, we define
a+b:={a+blacabechb}
a-b:={abi+---+apby | a; €a,b; €b}.
(Note that infinite sums don’t make sense in general rings, which is why in a- b we cut
off the sum after some finite number of terms.) You can readily check these are actually

ideals. This definition is more natural if you think about it in terms of the generators of
a and b.

4 )
Proposition 55.2.2 (Ideal arithmetic via generators)

Suppose a = (a1, ag,...,a,) and b = (b1,...,b,,) are ideals in a ring R. Then
(a) a+ b is the ideal generated by ai,...,an,b1,...,bny.

(b) a- b is the ideal generated by a;b;, for 1 <i <nand 1 <j <m.
. 4

Proof. Pretty straightforward; just convince yourself that this result is correct. O

In other words, for sums you append the two sets of generators together, and for products
you take products of the generators. Note that for principal ideals, this coincides with
“normal” multiplication, for example

(3)-(5) = (15)
in Z.

Remark 55.2.3 — Note that for an ideal a and an element ¢, the set
ca={ca|aca}

is equal to (¢) - a. So “scaling” and “multiplying by principal ideals” are the same
thing. This is important, since we’ll be using the two notions interchangeably.

Remark 55.2.4 — The addition of two ideals does not correspond to the addition
of elements — for example, (4) + (6) = (4,6) = (2), but 4 + 6 = 10.

This is the best we can hope for — addition of elements does not make sense for
ideals — for example, 1 + 1 =2 and 1+ (—1) = 0, but as ideals, (1) = (—1).

In fact, addition of ideal is the straightforward generalization of ged of elements —
as you can check in the example above, ged(4,6) = 2.

Nevertheless, I hope you agree that a 4+ b is a natural notation, compared to
something like (a, b).
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Because factorization involves multiplying, instead of adding, the ideals together,
we will not need to use the notation a + b any time soon.

Finally, since we want to do factorization we better have some notion of divisibility.
So we define:

Definition 55.2.5. We say a divides b and write a | b if a D b.

Note the reversal of inclusions! So (3) divides (15), because (15) is contained in (3);
every multiple of 15 is a multiple of 3. And from the example in the previous section: In
Z[v/=5], (3,1 — /=5) divides (3) and (1 — /=5).

Finally, the prime ideals are defined as in Definition 5.3.1: p is prime if xy € p implies
x € p or y € p. This is compatible with the definition of divisibility:

Exercise 55.2.6. A nonzero proper ideal p is prime if and only if whenever p divides ab, p
divides one of a or b.

As mentioned in Remark 5.3.3, this also lets us ignore multiplication by units: (—3) = (3).

§55.3 Dedekind domains

Prototypical example for this section: Any Ok is a Dedekind domain.

We now define a Dedekind domain as follows.

Definition 55.3.1. An integral domain A is a Dedekind domain if it is Noetherian,
integrally closed, and every nonzero prime ideal of A is in fact mazximal. (The last
condition is the important one.)

Remark 55.3.2 — Note that A is a Dedekind domain if and only if A = O for
some field K, as we will prove below. We’re just defining this term for historical
reasons. . .

Here there’s one new word I have to define for you, but we won’t make much use of it.

Definition 55.3.3. Let R be an integral domain and let K be its field of fractions.
We say R is integrally closed if the only elements a € K which are roots of monic
polynomials in R are the elements of R (which are roots of the trivial x — r polynomial).

The interesting condition in the definition of a Dedekind domain is the last one: prime
ideals and maximal ideals are the same thing. The other conditions are just technicalities,
but “primes are maximal” has real substance.

Example 55.3.4 (Z is a Dedekind domain)
The ring Z is a Dedekind domain. Note that

o Z is Noetherian (for obvious reasons).

o Z has field of fractions Q. If f(z) € Z[z] is monic, then by the rational root
theorem any rational roots are integers (this is the same as the proof that
ZNQ =17Z). Hence Z is integrally closed.

o The nonzero prime ideals of Z are (p), which also happen to be maximal.
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l |

The case of interest is a ring Ok in which we wish to do factorizing. We’re now going
to show that for any number field K, the ring O is a Dedekind domain. First, the
boring part.

Proposition 55.3.5 (O integrally closed and Noetherian)
For any number field K, the ring O is integrally closed and Noetherian.

Proof. Boring, but here it is anyways for completeness.

Since O = Z%" ! we get that it’s Noetherian.

Now we show that O is integrally closed. Suppose that n € K is the root of some
polynomial with coefficients in Ok . Thus

0" = 10" e " P4 4 ag

where a; € Or. We want to show that n € Ok as well.
Well, from the above, Ok|n] is finitely generated... thus Z[n] C Ogkln] is finitely
generated. So n € Z, and hence n € K NZ = Ok. O

Now let’s do the fun part. We’ll prove a stronger result, which will re-appear repeat-
edly.

Theorem 55.3.6 (Important: prime ideals divide rational primes)

Let Ok be a ring of integers and p a nonzero prime ideal inside it. Then p contains
a rational prime p. Moreover, p is maximal.

For a concrete example, consider (2+4) C Z[i]. In this case, p = 5, and because p € (2+1),
we get that the lattice is periodic in both dimensions with period 5, which implies finitely
many points in {a +bi | 0 < a,b < 4,a,b € Z} suffices to cover all cosets modulo the
ideal.

The proof of the finiteness of the quotient here is closely related to the statement that
the mesh of the lattice is finite, which will be covered in the next section.

Proof. Take any o # 0 in p. Its Galois conjugates are algebraic integers so their product
N(a)/a is in Ok (even though each individual conjugate need not be in K). Consequently,
N(«) € p, and we conclude p contains some integer.

Then take the smallest positive integer in p, say p. We must have that p is a rational
prime, since otherwise p > p = zy implies one of x,y € p. This shows the first part.

We now do something pretty tricky to show p is maximal. Look at Ok /p; since p is
prime it’s supposed to be an integral domain. .. but we claim that it’s actually finite! To
do this, we forget that we can multiply on Og. Recalling that O = Z®" as an abelian
group, we obtain a map

Fp®" = O /(p) - Ok /p.

Hence |Ok /p| < p™ is finite. Since finite integral domains are fields (Problem 5D*) we
are done. O

Since every nonzero prime p is maximal, we now know that O is a Dedekind domain.
Note that this tricky proof is essentially inspired by the solution to Problem 5GT.

!By Theorem 54.2.12.
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Remark 55.3.7 — An alternative proof for the first part is: because p is an ideal,
a-Org Cp, but a- Ok is a free Z-module of rank n, so p is squeezed between two
free Z-modules of rank n, by Theorem 18.1.5 we must have p is also free of rank n.
So the quotient is finite, then use Lemma 56.8.8.

§55.4 Unique factorization works

Okay, I'll just say it now!

Unique factorization works perfectly in Dedekind domains!

Remark 55.4.1 (Comparison between Dedekind domain and UFD) — If we temporarily
forget about the Noetherian and integrally closed condition, we have:

e An integral domain admits unique factorization of elements if the prime
elements and the irreducible elements are the same.

e An integral domain admits unique factorization of ideals if the prime ideals
and the maximal ideals are the same.

Notice the similarity — in either case, the Noetherian condition is “merely” to ensure
that, if you keep extracting prime factors, you will terminate in a finite time.

Example 55.4.2 (What went wrong if A is not integrally closed?)
Consider A = 2Z, which is an ideal of Z. Clearly, every nonzero prime ideal is

maximal.
Nevertheless, in A, (2-3-5) = (60) is not a prime ideal (so of course it isn’t a
maximal ideal), but we cannot break it down into, for example, (2-3) - (5).

\
Theorem 55.4.3 (Prime factorization works)

Let a be a nonzero proper ideal of a Dedekind domain A. Then a can be written as
a finite product of nonzero prime ideals p;, say

— 461,62 @
a=prpy...p

and this factorization is unique up to the order of the p;.
Moreover, a divides b if and only if for every prime ideal p, the exponent of p in a

is less than or equal to the corresponding exponent in b.
. J

I won’t write out the proof, but I'll describe the basic method of attack. Section 3
of [U108] does a nice job of explaining it. When we proved the fundamental theorem of
arithmetic, the basic plot was:

(1) Show that if p is a rational prime? then p | bc means p | b or p | c¢. (This is called

2Note that the kindergarten definition of a prime is that “p isn’t the product of two smaller integers”.
This isn’t the correct definition of a prime: the definition of a prime is that p | bc means p | b or
p | ¢. The kindergarten definition is something called “irreducible”. Fortunately, in Z, primes and
irreducibles are the same thing, so no one ever told you that your definition of “prime” was wrong.
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Euclid’s Lemma.)

(2) Use strong induction to show that every N > 1 can be written as the product of
primes (easy).

(3) Show that if p1...pm = q1...¢, for some primes (not necessarily unique), then
p1 = q; for some i, say qi.

(4) Divide both sides by p; and use induction.

What happens if we try to repeat the proof here? We get step 1 for free, because we're
using a better definition of “prime”. We can also do step 3, since it follows from step 1.
But step 2 doesn’t work, because for abstract Dedekind domains we don’t really have a
notion of size. And step 4 doesn’t work because we don’t yet have a notion of what the
inverse of a prime ideal is.

Well, it turns out that we can define the inverse a~! of an ideal, and I'll do so by the
end of this chapter. You then need to check that a-a~! = (1) = A. In fact, even this
isn’t easy. You have to check it’s true for prime ideals p, then prove prime factorization,
and then prove that this is true. Moreover, a~! is not actually an ideal, so you need to
work in the field of fractions K instead of A.

So the main steps in the new situation are as follows:

(1) First, show that every ideal a divides p;...p, for some finite collection of primes.
(This is an application of Zorn’s Lemma.)

(2) Define p~! and show that pp~! = (1).
(3) Show that a factorization exists (again using Zorn’s Lemma).
(4) Show that it’s unique, using the new inverse we’ve defined.

Finally, let me comment on how nice this is if A is a PID (like Z). Thus every element
a € A is in direct correspondence with an ideal (a). Now suppose (a) factors as a product
of ideals p; = (p;), say,
(@) = (p1)' (p2) - - (pn) ™"

This verbatim reads
a=up{'py?...p5"

where u is some unit (recall Definition 4.4.1). Hence, Dedekind domains which are PID’s
satisfy unique factorization for elements, just like in Z. (In fact, the converse of this is
true.)

§55.5 The factoring algorithm

Let’s look at some examples from quadratic fields. Recall that if K = Q(v/d), then

o {Z[\/&] d=2,3 (mod 4)

2[5/ d=1 (mod 4).

Also, recall that the norm of a + by/—d is given by a? + db.
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Example 55.5.1 (Factoring 6 in the integers of Q(v/—5))
Let O = Z[/—5] arise from K = Q(1/—5). We've already seen that

(6)=(2)-(3) = (1+v=5) (1-v=5)
and you can’t get any further with these principal ideals. But let
p= (1 + /=5, 2) = (1 - \/—5,2) and q1 = (1+v=5,3), g2 = (1 — vV/=5,3).

Then it turns out (6) = p2q1q2. More specifically, (2) = p?, (3) = qiq2, and
(1++/—5) =pgr and (1 — /—5) = pge. (Proof in just a moment.)

I want to stress that all our ideals are computed relative to O . So for example,
(2) ={2x | x € Ok}.

How do we know in this example that p is prime/maximal? (Again, these are the same
since we're in a Dedekind domain.) Answer: look at Ok /p and see if it’s a field. There
is a trick to this: we can express

Ok = Z[V=5] = Z[z]/(z* + 5).
So when we take that mod p, we get that
Ok /p = Zz]/(x* +5,2,1 + 2) 2 Fyfz]/(z* + 5,2 + 1)
as rings.

Question 55.5.2. Conclude that Ok /p = Fy, and satisfy yourself that q; and go are also
maximal.

I should give an explicit example of an ideal multiplication: let’s compute
a1 = ((1+ V=5)(1 = V=5),3(1 + V=5),3(1 = V=5),9)

(6.3 +3v=5,3 - 3V=5,9)

(6.3+3v=5,3 - 3V=5,3)

=(3)

where we first did 9 — 6 = 3 (think Euclidean algorithm!), then noted that all the other
generators don’t contribute anything we don’t already have with the 3 (again these are
ideals computed in Ok ). You can do the computation for p2, pqi, pg2 in the same way.

Finally, it’s worth pointing out that we should quickly verify that p # (x) for some
x; in other words, that p is not principal. Assume for contradiction that it is. Then x
divides both 1 + /=5 and 2, in the sense that 1 + /=5 = ayx and 2 = asx for some
a1, a0 € Ok. (Principal ideals are exactly the “multiples” of x, so (z) = 2Ok.) Taking
the norms, we find that Ny q(z) divides both

Since p # (1), = cannot be a unit, so its norm must be 2. But there are no elements of
norm 2 = a2 + 5b% in O.
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Example 55.5.3 (Factoring 3 in the integers of Q(v/—17))
Let O = Z[/—17] arise from K = Q(v/—17). We know O = Z[x]/(2? + 17). Now

O /30K 2 Zz]/(3, 2% + 17) 2 F3[x]/(2* — 1).

This already shows that (3) cannot be a prime (i.e. maximal) ideal, since otherwise
our result should be a field. Anyways, we have a projection

Ok — F3fa]/ ((z = 1)(z +1)).
Let q; be the pre-image of (z — 1) in the image, that is,
qi1 = (3, V=17 — 1).

Similarly,

g = (3,\/—17+ 1).

We have Ok /q1 = F3, so q; is maximal (prime). Similarly qo is prime. Magically,
you can check explicitly that

qig92 = (3).

Hence this is the factorization of (3) into prime ideals.

The fact that qi1q2 = (3) looks magical, but it’s really true:

qiqe = (3,vV/—17 = 1)(3, /=174 1)
=(9,3v/—17+3,3V/—17 — 3,18)
= (9,317 +3,6)

= (3,3v/—17+3,6)

=3

)-

In fact, it turns out this always works in general: given a rational prime p, there is an
algorithm to factor p in any O of the form Z[6).

4 )
Theorem 55.5.4 (Factoring algorithm / Dedekind-Kummer theorem)

Let K be a number field. Let 0 € Og with |Ok /Z[f]| = j < oo, and let p be a prime
not dividing j. Then (p) = pOf is factored as follows:

Let f be the minimal polynomial of # and factor f mod p as

g
f= H (mod p).
Then p; = (f;(0),p) is prime for each i and the factorization of (p) is
g .
Ok 2 (p) = [] »¢"-

In particular, if K is monogenic with O = Z[f] then j = 1 and the theorem applies

for all primes p.
. J
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In almost all our applications in this book, K will be monogenic; i.e. j = 1. Here 1
denotes the image in [, [x] of a polynomial ¢ € Z[x].

Question 55.5.5. There are many possible pre-images f; we could have chosen (for example
if f; = 22+ 1 (mod 3), we could pick f; = 2% + 3z + 7.) Why does this not affect the value
of p;?

Note that earlier, we could check the factorization worked for any particular case. The
proof that this works is much the same, but we need one extra tool, the ideal norm. After
that we leave the proposition as Problem 55E.

This algorithm gives us a concrete way to compute prime factorizations of (p) in any
monogenic number field with O = Z[#]. To summarize the recipe:

1. Find the minimal polynomial of 6, say f € Z[x].
2. Factor f mod p into irreducible polynomials f;“" f," .. .?geg .
3. Compute p; = (fi(0),p) for each i.

Then your (p) = p§* ... pg°.
Or even shorter:

In order to factorize p in Z[z|/(f(z)), we can factorize f(x) in Z[x]/(p)
instead.

Both are equivalent to factorizing 0 in Z[z]/( f(x), p) — in other words, writing Z[z]/(f(x), p)
as a direct sum of Z[z]-modules.

I Exercise 55.5.6. Factor (29) in Z[i] using the above algorithm.

§55.6 Fractional ideals

Prototypical example for this section: Analog to Q for Z, allowing us to take inverses of
ideals. Prime factorization works in the nicest way possible.

We now have a neat theory of factoring ideals of A, just like factoring the integers.
Now note that our factorization of Z naturally gives a way to factor elements of Q; just
factor the numerator and denominator separately.

Let’s make the analogy clearer. The analogue of a rational number is as follows.

Definition 55.6.1. Let A be a Dedekind domain with field of fractions K. A fractional
ideal J of K is a set of the form

1
J=—-a where x € A4, and a is an integral ideal.
x

For emphasis, ideals of A will be sometimes referred to as integral ideals.

You might be a little surprised by this definition: one would expect that a fractional
ideal should be of the form § for some integral ideals a, b. But in fact, it suffices to just
take x € A in the denominator. The analogy is that when we looked at O, we found
that we only needed integer denominators: 4_1 7= %3(4 ++/3). Similarly here, it will

turn out that we only need to look at % -a rather than g, and so we define it this way
from the beginning. See Problem 55D for a different equivalent definition.
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Example 55.6.2 (3Z is a fractional ideal)
The set

5 5 1
bl AR Bd /A -
5 {2n]n€ } 2(5)

is a fractional ideal of Z.

Now, as we prescribed, the fractional ideals form a multiplicative group:

~N
Theorem 55.6.3 (Fractional ideals form a group)

Let A be a Dedekind domain and K its field of fractions. For any integral ideal a,
the set
al={zecK|zaC (1) =A}

is a fractional ideal with aa=! = (1).
- J

(This result is nontrivial. To prove aa~' = (1), one approach is to prove it first for

prime a, then consider the factorization of a into prime ideals.)

Definition 55.6.4. Thus nonzero fractional ideals of K form a group under multiplication
with identity (1) = A. This ideal group is denoted Jk.

Example 55.6.5 ((3)~! in Z)

Please check that in Z we have

(3)71 = {;n |ne Z} = %Z.

It follows that every fractional ideal J can be uniquely written as
J=1Iei-[Tai™
i i

where n; and m,; are positive integers. In fact, a is an integral ideal if and only if all its
exponents are nonnegative, just like the case with integers. So, a perhaps better way
to think about fractional ideals is as products of prime ideals, possibly with negative
exponents.

§55.7 The ideal norm

One last tool is the ideal norm, which gives us a notion of the “size” of an ideal.

Definition 55.7.1. The ideal norm (or absolute norm) of a nonzero ideal a C Ok is
defined as |Og/a| and denoted N(a).

Example 55.7.2 (Ideal norm of (5) in the Gaussian integers)
Let K = Q(i), Ox = Z][i]. Consider the ideal (5) in Ox. We have that

Ok/(5) =2 {a+bi|a,bec Z/57)}
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so (5) has ideal norm 25, corresponding to the fact that O /(5) has 52 = 25 elements.

Example 55.7.3 (Ideal norm of (2 4 ¢) in the Gaussian integers)
You’ll notice that
Ok /(2 +1) = Fs

since mod 2 + i we have both 5 = 0 and i = —2. (Indeed, since (2 + i) is prime we
had better get a field!) Thus N ((2 +4)) = 5; similarly N ((2 —4)) = 5.

Thus the ideal norm measures how “roomy” the ideal is: that is, (5) is a lot more
spaced out in Z[i] than it is in Z. (This intuition will be important when we will actually
view Ok as a lattice.)

I Question 55.7.4. What are the ideals with ideal norm one?

Our example with (5) suggests several properties of the ideal norm which turn out to
be true:

Lemma 55.7.5 (Properties of the absolute norm) b
Let a be a nonzero ideal of Ok
(a) N(a) is finite.
(b) For any other nonzero ideal b, N(ab) = N(a) N(b).
(c) If a = (a) is principal, then N(a) = | Ng/g(a)|-
. J

I unfortunately won’t prove these properties, though we already did (a) in our proof that
Ok was a Dedekind domain.

As with the case of the norm of an element, the ideal norm also has a geometrical
interpretation: Recall that if a = (a), let p, be the multiplication-by-a map, then
Ng/g(a) = |det | measures how much K is stretched under p, when viewed as a
Q-vector space.

Exercise 55.7.6. Convince yourself that if 1, (Og) C Ok, then |0k /aOk]| is exactly equal
to | det piq].

This explains why N(a) = [ Ng/g(a)|, although note that a = (a) = (—a), so there need
not be an unique multiplication-by-a map.

The fact that N is completely multiplicative lets us also consider the norm of a fractional
ideal J by the natural extension

J=Tloe Tla™ = N >

_ ILNG)"
[T N(qo)™

Thus N is a natural group homomorphism Jx — QX.

§55.8 A few harder problems to think about

Problem 55A. Show that there are three different factorizations of 77 in Ok, where

K =Q(v-13).
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Problem 55B. Let K = Q(+/2); take for granted that Ok = Z[+/2]. Find the factoriza-
tion of (5) in Ok.

Problem 55C (Fermat’s little theorem). Let p be a prime ideal in some ring of integers
Ok. Show that for a € Ok,
oN®) = (mod p).

Problem 55D'. Let A be a Dedekind domain with field of fractions K, and pick J C K.
Show that J is a fractional ideal if and only if

(i) J is closed under addition and multiplication by elements of A, and
(i) J is finitely generated as an abelian group.
More succinctly: J is a fractional ideal <= J is a finitely generated .A-module.

Problem 55E. In the notation of Theorem 55.5.4, let I = [[%_; p*. Assume for simplicity
that K is monogenic, hence O = ZI[d].

(a) Prove that each p; is prime.
(b) Show that (p) divides I.

(c) Use the norm to show that (p) = I.
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We now have a neat theory of unique factorization of ideals. In the case of a PID, this
in fact gives us a UFD. Sweet.

We'll define, in a moment, something called the class group which measures how far
Of is from being a PID; the bigger the class group, the farther O is from being a PID.
In particular, Ok is a PID if it has trivial class group.

Then we will provide some inequalities which let us put restrictions on the class group;
for instance, this will let us show in some cases that the class group must be trivial.
Astonishingly, the proof will use Minkowski’s theorem, a result from geometry.

§56.1 The class group

Prototypical example for this section: PID’s have trivial class group.

Let K be a number field, and let Jx denote the multiplicative group of fractional
ideals of Ok . Let Pk denote the multiplicative group of principal fractional ideals:
those of the form (z) = 2O for some x € K.

Question 56.1.1. Check that Pk is also a multiplicative group. (This is really easy: name
20k - yOk and (zOf)71.)

As Jg is abelian, we can now define the class group (or ideal class group) to be the

quotient
Clg = Ji/Pk.

The elements of Cli are called classes.
Equivalently,

The class group Clg is the set of nonzero fractional ideals modulo scaling
by a constant in K.

You can also think of the classes as the “shapes” of the ideals, as two ideals belong to
the same class if and only if they’re isomorphic as Og-modules.

Example 56.1.2 (Ideal classes in Q(1/—5))

If the field is an imaginary quadratic field, visualizing the class of an ideal is really
easy: because multiplication by a complex number corresponds to a combination of
a scaling and a rotation (i.e. it preserves angles), two ideals belong to the same class
if they are similar, that is, you can overlap one onto the another using rotation and
scaling.

When the field is K = Q(v/=5), the ring of integers is O = Z[v/—5].

The first picture below depicts the ideal (1) C Of. The second picture depicts
(2,14 +/=5) C Ok, which is not a principal ideal.

559
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In particular, Clg is trivial if all ideals are principal, since the nonzero principal ideals
are the same up to scaling.

The size of the class group is called the class number. It’s a beautiful theorem that
the class number is always finite, and the bulk of this chapter will build up to this result.
It requires several ingredients.

§56.2 The discriminant of a number field
Prototypical example for this section: Quadratic fields.

Let’s say I have K = Q(v/2). As we've seen before, this means Ox = Z[/2], meaning
Ok = {a—i—bﬂ]a,beZ}.

The key insight now is that you might think of this as a lattice: geometrically, we want
to think about this the same way we think about Z2.

Perversely, we might try to embed this into Q? by sending a + byv/2 to (a,b). But
this is a little stupid, since we’re rudely making K, which somehow lives inside R and
is “one-dimensional” in that sense, into a two-dimensional space. It also depends on a
choice of basis, which we don’t like. A better way is to think about the fact that there
are two embeddings o;: K — C and o2: K — C, namely the identity, and conjugation:

o1(a+bv2) =a+bv2
oa(a+bv2) = a —bV2.

Fortunately for us, these embeddings both have real image. This leads us to consider the
set of points
(01(a),02(a)) € R? as a € K.

This lets us visualize what Ok looks like in R?. The points of K are dense in R?, but
the points of Ok cut out a lattice.
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To see how big the lattice is, we look at how {1, \/§}, the generators of O, behave.
The point corresponding to a + bv/2 in the lattice is

a-(1,1)+b-(vV2,—V2).

The mesh of the lattice' is defined as the hypervolume of the “fundamental parallelepiped”
I’ve colored blue above. For this particular case, it ought to be equal to the area of that

parallelogram, which is
1 —V2
det l ) \/il =2V2.

The definition of the discriminant is precisely this, except with an extra square factor (since
permutation of rows could lead to changes in sign in the matrix above). Problem 57B*
shows that the squaring makes Ag an integer.

To make the next definition, we invoke:

Theorem 56.2.1 (The n embeddings of a number field)

Let K be a number field of degree n. Then there are exactly n field homomorphisms
K — C, say o1, ...,0,, which fix Q.

Proof. Deferred to Theorem 59.3.1, once we have the tools of Galois theory. 0

In fact, in Theorem 59.3.4 we see that for a € K, we have that o;(«) runs over the

conjugates of a as ¢ = 1,...,n. It follows that
Trgg(a) = Za,;(a) and  Ng/g(a) = H oi(a).
i=1 =1

This allows us to define:

"Most authors call this the volume, but I think this is not the right word to use — lattices have “volume”
zero since they are just a bunch of points! In contrast, the English word “mesh” really does refer to
the width of a “gap”.
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Definition 56.2.2. Suppose aq,...,ay is a Z-basis of Og. The discriminant of the
number field K is defined by

or(ar) ... onla)]’

AK = det

o1(an) ... op(ay)

This does not depend on the choice of the {«; }; we will not prove this here.

Example 56.2.3 (Discriminant of K = Q(v/2))
We have Ok = Z[/2] and as discussed above the discriminant is

A = (—2V2)? =8.

Example 56.2.4 (Discriminant of Q(7))

Let K = Q(i). We have Ok = Z[i] = Z & iZ. The embeddings are the identity and
complex conjugation which take 1 to (1,1) and ¢ to (¢, —¢). So

1 1

7 =

2
Ag = det l Z] =(-2i)2= -4
This example illustrates that the discriminant need not be positive for number fields

which wander into the complex plane (the lattice picture is a less perfect analogy).
But again, as we’ll prove in the problems the discriminant is always an integer.

Example 56.2.5 (Discriminant of Q(v/5))

Let K = Q(+/5). This time, O = Z ® 1“‘2—‘/5Z, and so the discriminant is going to
look a little bit different. The embeddings are still a + b5 — a+ b\/g, a — b/5.
Applying this to the Z-basis {1, 1+2\@}, we get

2
1 1

A = det [H\/ﬁ 1—\/5] = (—v5)? =5.
2 2

Exercise 56.2.6. Extend all this to show that if K = Q(\/&) for d # 1 squarefree, we have

d ifd=1 (mod4)
Ag = .
4d ifd=2,3 (mod 4).

Actually, let me point out something curious: recall that the polynomial discriminant
of Az? 4+ Bx + C is B> — 4AC. Then:

e Inthe d =1 (mod 4) case, A is the discriminant of 22 — z — %, which is the

minimal polynomial of 1(1+ v/d). Of course, Ox = Z[3(1 + Vd)].

o Inthed=2,3 (mod 4) case, Ay is the discriminant of 22 — d which is the minimal
polynomial of v/d. Once again, O = Z[V/d).



56 Minkowski bound and class groups 563

This is not a coincidence! Problem 57C* asserts that this is true in general; hence the
name “discriminant”.

§56.3 The signature of a number field

Prototypical example for this section: Q( 'V/2) has signature (2,49).

In the example of K = Q(i), we more or less embedded K into the space C. However,
K is a degree two extension, so what we’d really like to do is embed it into R%. To do so,
we’re going to take advantage of complex conjugation.

Let K be a number field and o1, ..., 0, be its embeddings. We distinguish between
the real embeddings (which map all of K into R) and the complex embeddings
(which map some part of K outside R). Notice that if o is a complex embedding, then
so is the conjugate & # o; hence complex embeddings come in pairs.

Definition 56.3.1. Let K be a number field of degree n, and set

r1 = number of real embeddings

rg = number of pairs of complex embeddings.

The signature of K is the pair (r;,73). Observe that r1 + 2ry = n.

Example 56.3.2 (Basic examples of signatures)
(a) Q has signature (1,0).

(b) Q(v/2) has signature (2,0).
(c) Q(7) has signature (0, 1).
(d) Let K = Q(+/2), and let w be a cube root of unity. The elements of K are
K = {a—i—b%%—c%ﬂa,b,cé@}.
Then the signature is (1, 1), because the three embeddings are

o1: V2 V2, 03 V2 V2w, 03 V2 V2w?

The first of these is real and the latter two are conjugate pairs.

Example 56.3.3 (Even more signatures)
In the same vein Q( ¥/2) and Q( '¥/2) have signatures (1,49) and (2, 49).

I Question 56.3.4. Verify the signatures of the above two number fields.

From now on, we will number the embeddings of K in such a way that
01,02,...,0p,
are the real embeddings, while

Ori+1 = Oridro+1s Ori42 = Opidro42y o5 Ori4ry = Orj42rs-



564 Napkin, by Fvan Chen (v1.6.20241027)

are the ro pairs of complex embeddings. We define the canonical embedding of K as
K <& R x C by am (o1(a), ..., 00 (@), 0r+1(), ., Or 4o (@) -

All we’ve done is omit, for the complex case, the second of the embeddings in each
conjugate pair. This is no big deal, since they are just conjugates; the above tuple is all
the information we need.

For reasons that will become obvious in a moment, I’ll let 7 denote the isomorphism

~

7:R™ x C™? = R 22 = R”
by breaking each complex number into its real and imaginary part, as

a— (o1(a),...,00 (),
Re UT1+1(O‘)3 Im JT1+1(Q)7
Re 0T1+2(a)a Im JT1+2(O‘)’

“ey

Re Ori+ro (a)’ Im Ori+ra (a)) :

Example 56.3.5 (Example of canonical embedding)
As before let K = Q(3/2) and set

01:\3/§l—>\3/§, 02:\75'—)\3/560, 0'32\3/5’—}\3/5(4}2

where w = —% + @i, noting that we’ve already arranged indices so o1 = id is real

while o9 and o3 are a conjugate pair. So the embeddings K 4 R x C 2R3 are
given by
a = (o1(),02(q)) = (01(a), Reoz(a), Imoz(a)).

For concreteness, taking a = 9 + /2 gives
9+ V2 (94 V2, 9+ V2w)
1 v/108

—1
2
1 5108
& <9+%, 0-1u3 V2> oI,

Now, the whole point of this is that we want to consider the resulting lattice when we
take Of. In fact, we have:

4 )\
Lemma 56.3.6

Consider the composition of the embeddings K <+ R" x C" =5 R"™. Then as before,
Ok becomes a lattice L in R™, with mesh equal to
1

or VIAK]-
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Proof. Fun linear algebra problem (you just need to manipulate determinants). Left as
Problem 56D. 0

From this we can deduce:

f ™
Lemma 56.3.7
Consider the composition of the embeddings K < R"t x C™2 =5 R™. Let a be an
ideal in O . Then the image of a is a lattice Ly in R™ with mesh equal to
N(a)
27»2 | K | °
g J

Sketch of Proof. Let
d = N(a) :==|Ox/aq|.

Then in the lattice Ly, we somehow only take éth of the points which appear in the
lattice L, which is why the area increases by a factor of N(a). To make this all precise
I would need to do a lot more with lattices and geometry than I have space for in this
chapter, so I will omit the details. But I hope you can see why this is intuitively true. [J

§56.4 Minkowski’'s theorem

Now I can tell you why I insisted we move from R" x C" to R”. In geometry, there’s a
really cool theorem of Minkowski’s that goes as follows.

4 )
Theorem 56.4.1 (Minkowski)

Let S C R™ be a convex set containing 0 which is centrally symmetric (meaning
that z € S <= —x € S5). Let L be a lattice with mesh d. If either

(a) The volume of S exceeds 2"d, or

(b) The volume of S equals 2"d and S is compact,

then S contains a nonzero lattice point of L.
. J

Question 56.4.2. Show that the condition 0 € S is actually extraneous in the sense that
any nonempty, convex, centrally symmetric set contains the origin.

Sketch of Proof. Part (a) is surprisingly simple and has a very olympiad-esque solution:

it’s basically Pigeonhole on areas. We’'ll prove part (a) in the special case n = 2, L = 72

for simplicity as the proof can easily be generalized to any lattice and any n. Thus we

want to show that any such convex set S with area more than 4 contains a lattice point.
Dissect the plane into 2 x 2 squares

[2a —1,2a + 1] x [2b — 1,2b + 1]

and overlay all these squares on top of each other. By the Pigeonhole Principle, we
find there exist two points p # ¢ € S which is mapped to the same point. Since S is
symmetric, —q € S. Then %(p —q) € S (convexity) and is a nonzero lattice point.

I'll briefly sketch part (b): the idea is to consider (1+¢)S for £ > 0 (this is “S magnified
by a small factor 1+ ¢”). This satisfies condition (a). So for each € > 0 the set of nonzero
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lattice points in (1 +¢€)S, say S, is a finite nonempty set of (discrete) points (the “finite”
part follows from the fact that (14 ¢)S is bounded). So there has to be some point that’s
in S for every € > 0 (why?), which implies it’s in S. O

§56.5 The trap box

The last ingredient we need is a set to apply Minkowski’s theorem to. I propose:

Definition 56.5.1. Let M be a positive real. In R™ x C", define the box S to be the
set of points (x1,...,%p, 21,-- -, 2r,) such that

1 9
S il +2 " |zl < M.
i=1 j=1

Note that this depends on the value of M.

Think of this box as a mousetrap: anything that falls in it is going to have a small
norm, and our goal is to use Minkowski to lure some nonzero element into it.

That is, suppose « € a falls into the box I've defined above, which means

71 r1+re n
M= oi(@)|+2 Y o) =) loi(a)],
=1 i=r1+1 =1

where we are remembering that the last few o’s come in conjugate pairs. This looks
like the trace, but the absolute values are in the way. So instead, we apply AM-GM to
obtain:

~N
Lemma 56.5.2 (Effect of the mousetrap)
Let a € Ok, and suppose ¢(«) is in S (where t: K < R"™ x C" as usual). Then
n M n
Nija(a) = [[ Il < (5 ) -
i=1
- J

The last step we need to do is compute the volume of the box. This is again some
geometry I won’t do, but take my word for it:
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\
Lemma 56.5.3 (Size of the mousetrap)

Let 7: R™ x C"™ =5 R" as before. Then the image of S under 7 is a convex, compact,
centrally symmetric set with volume

T T2 M'rl
ori. (T} 7.2
(2) n!

- J

Question 56.5.4. (Sanity check) Verify that the above is correct for the signatures (ry,r2) =
(2,0) and (r1,72) = (0,1), which are the possible signatures when n = 2.

§56.6 The Minkowski bound

We can now put everything we have together to obtain the great Minkowski bound.

Theorem 56.6.1 (Minkowski bound)
Let a € Ok be any nonzero ideal. Then there exists 0 # « € a such that

Nija(@) < (2) " 2y/iax] N

Proof. This is a matter of putting all our ingredients together. Let’s see what things
we’ve defined already:

K Ct s R™ x Cr2 T R™

box § ——— 7iM8(S) with volume 27 (Z)™ 24
Ok > Lattice L with mesh 2772/|Ak]|
at » Lattice Lq with mesh 27"2/|Ag|N(a)

Pick a value of M such that the mesh of L, equals 27" of the volume of the box. Then
Minkowski’s theorem gives that some 0 # « € a lands inside the box — the mousetrap is
configured to force Ny /q(a) < H%M . The correct choice of M is

mesh n!
M"Y =M"-2". =2" ————— 27" /|AKk|N
vol box 2 (2)" A | N(a)
which gives the bound after some arithmetic. O

§56.7 The class group is finite

Definition 56.7.1. Let Mx = (é>r2 %\/]AK] for brevity. Note that it is a constant

™

depending on K.
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So that’s cool and all, but what we really wanted was to show that the class group is
finite. How can the Minkowski bound help? The key idea is the following:

The class of a is entirely determined by (a)- a1

Question 56.7.2. Verify this. (That is, if a and b are such that (a)-a=! = (3)-b~! for
some « € a, B € b, then prove that a = (7)b for some v € K.)

Example 56.7.3

Recall this example:

(6) = (27 I \/j5)2(37 1+ \/_75)(37 1- \/TEJ) = PZCHCIQ.

Consider a = (2) being principal, pick a = 2, then (a)-a~! = (1). If (a)-a~! = (1)
(or (2), or anything principal), we know a must be principal.
On the other hand, q; = (3,1 + /—5) is not principal, pick a = 3. We know

(3) = 4142, so () - a7 " = g2 # (1).

In both examples above, a | («), so their quotient should be an “integer”. Indeed:

I Question 56.7.4. Show that () - a~! is an integral ideal. (Unwind definitions.)

You might notice that we can rewrite the Minkowski bound to say
N ((@)-a71) < Mg

where M is some constant depending on K.
This statement is helpful, because in fact, there are only finitely many integral ideals
with norm < M.

Corollary 56.7.5 (Finiteness of class group)

Class groups are always finite.

Proof. We just have to show there are finitely many integral ideals as above; this will
mean there are finitely many classes.

Suppose we want to build such an ideal a = p{*...p%m. Recall that a prime ideal p;
must have some rational prime p inside it, meaning p; divides (p) and p divides N(p;).

So let’s group all the p; we want to build a with based on which (p) they came from.

@ 6 6

To be more dramatic: imagine you have a cherry tree; each branch corresponds to a
prime (p) and contains as cherries (prime ideals) the factors of (p) (finitely many). Your
bucket (the ideal a you're building) can only hold a total weight (norm) of Mg. So you
can’t even touch the branches higher than Mg . You can repeat cherries (oops), but the
weight of a cherry on branch (p) is definitely > p; all this means that the number of ways
to build a is finite. O
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§56.8 Computation of class numbers

Definition 56.8.1. The order of Clg is called the class number of K.

| Remark 56.8.2 — If Clg = 1, then Ok is a PID, hence a UFD.

By computing the actual value of Mg, we can quite literally build the entire “cherry
tree” mentioned in the previous proof. Let’s give an example how!

Proposition 56.8.3
The field Q(1/—67) has class number 1.

Proof. Since K = Q(y/—67) has signature (0,1) and discriminant Ax = —67 (since
—67 =1 (mod 4)) we can compute

1
My = <4) 2 fer s
T 22
That means we can cut off the cherry tree after (2), (3), (5), since any cherries on these
branches will necessarily have norm > Mg. We now want to factor each of these in
Ok = Z[0], where 0 = HT‘/_TW has minimal polynomial 2> — z + 17. But something
miraculous happens:

e When we try to reduce 2> — z + 17 (mod 2), we get an irreducible polynomial
22 — x + 1. By the factoring algorithm (Theorem 55.5.4) this means (2) is prime.

2

o Similarly, reducing mod 3 gives x* — x + 2, which is irreducible. This means (3) is

prime.
 Finally, for the same reason, (5) is prime.

It’s our lucky day; all of the ideals (2), (3), (5) are prime (already principal). To put it
another way, each of the three branches has only one (large) cherry on it. That means
any time we put together an integral ideal with norm < My, it is actually principal. In
fact, these guys have norm 4, 9, 25 respectively... so we can’t even touch (3) and (5),
and the only ideals we can get are (1) and (2) (with norms 1 and 4).

Now we claim that’s all. Suppose b is an integral ideal such that N(b) < Mg. By the
above, either b = (1) or b = (2), both of which are principal, and hence trivial in Clg.
So J is trivial in Clg too, as needed. O

Let’s do a couple more.

Theorem 56.8.4 (Gaussian integers Z[i] form a UFD)
The field Q(7) has class number 1.

Proof. This is O where K = Q(i), so we just want Clg to be trivial. We have
Mg = %\/Zl < 2. So every class has an integral ideal of norm b satisfying

4\t 2! 4
Nbo)<|[—-] =5 -Vd=—<2.
(b) < (77) 22 Vi s
Well, that’s silly: we don’t have any branches to pick from at all. In other words, we can
only have b = (1). O
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Here’s another example of something that still turns out to be unique factorization,
but this time our cherry tree will actually have cherries that can be picked.

Proposition 56.8.5 (Z[\/7] is a UFD)
The field Q(v/7) has class number 1.

Proof. First we compute the Minkowski bound.

I Question 56.8.6. Check that My =~ 2.646.

So this time, the only branch is (2). Let’s factor (2) as usual: the polynomial z2 + 7
reduces as (r — 1)(z + 1) (mod 2), and hence

(2)= (2v7-1) (2V7+1).
Oops! We now have two cherries, and they both seem reasonable. But actually, I claim

that
(2,\f7—1) - (3—[7).

I Question 56.8.7. Prove this.

So both the cherries are principal ideals, and as before we conclude that Clg is trivial.
But note that this time, the prime ideal (2) actually splits; we got lucky that the two
cherries were principal but this won’t always work. ]

How about some nontrivial class groups? First, we use a lemma that will help us with
narrowing down the work in our cherry tree.

Lemma 56.8.8 (Ideals divide their norms)
Let b be an integral ideal with N(b) = n. Then b divides the ideal (n).

Proof. By definition, n = |Ok /b|. Treating Ok /b as an (additive) abelian group and
using Lagrange’s theorem, we find

0O=a+---+a=na (modb) for all « € Ok.
H,—/
n times
Thus (n) C b, done. O

Alternatively, if you have read Chapter 59: If the extension K/Q is Galois, we can
actually prove that, analogous to Remark 54.1.9, [],cqaix /@) o(b) = (n), implying the
result id(b) | (n).

Now we can give such an example.

Proposition 56.8.9 (Class group of Q(1/—17))
The number field K = Q(v/—17) has class group Z/4Z.
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You are not obliged to read the entire proof in detail, as it is somewhat gory. The idea is
just that there are some cherries which are not trivial in the class group.

Proof. Since Ag = —68, we compute the Minkowski bound
4
Mg = —V17 < 6.
T

Now, it suffices to factor with (2), (3), (5). The minimal polynomial of v/—17 is 2% + 17,
so as usual

(2) = (2,V—17+1)?
(3) = (3,V/—17 = 1)(3, V=17 + 1)

corresponding to the factorizations of 2 +17 modulo each of 2, 3, 5. Set p = (2, /—17+1)
and q1 = (3,vV—17—1), g2 = (3,v/—17+ 1). We can compute

N(p)=2 and N(q1) = N(qz) =3.

In particular, they are not principal. The ideal (5) is out the window; it has norm 25.
Hence, the three cherries are p, q1, q2.
The possible ways to arrange these cherries into ideals with norm < 5 are

{(1)#,1]1,(127?2}-

However, you can compute
2
pT=(2)

so p? and (1) are in the same class group; that is, they are trivial. In particular, the class
group has order at most 4.

From now on, let [a] denote the class (member of the class group) that a is in. Since p
isn’t principal (so [p] # [(1)]), it follows that p has order two. So Lagrange’s theorem
says that Clx has order either 2 or 4.

Now we claim [q1]? # [(1)], which implies that q; has order greater than 2. If not, q2
is principal. We know N(q1) = 3, so this can only occur if g2 = (3); this would force
q1 = q2. This is impossible since q1 + q2 = (1).

Thus, q; has even order greater than 2. So it has to have order 4. From this we deduce

Cly = Z/4Z. 0

Remark 56.8.10 — When we did this at Harvard during Math 129, there was a
five-minute interruption in which students (jokingly) complained about the difficulty
of evaluating %\/17. Excerpt:

“Will we be allowed to bring a small calculator on the exam?” — Student 1
“What does the size have to do with anything? You could have an Apple Watch” —
Professor
“Just use the fact that @ > 3” — me
“Even [other professor] doesn’t know that, how are we supposed to?” — Student 2
“You have to do this yourself!” — Professor
“This is an outrage.” — Student 1
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§56.9 Optional: Proof that Oy is a free Z-module

We have the suitable tools to prove Theorem 54.2.12 now.
We know Og is a ring, so obviously it must be a Z-module. Suppose it is not a free
Z-module of degree n = |K : Q|. What could go wrong?

o First, it may happen that it is dense like Q or the ring extension Z[%] (which makes
it not finitely generated and not free).

e Even without that, it may happen that its rank is less than n.

The second possibility is much easier to discard. Let aq, ..., a, be a basis of K. Using
Theorem 54.2.6, we have positive integers di,...,d, such that dya,...,d,a, € Ok.
Since aj, ..., a, are linearly independent, this implies rank O > n.

The other direction is harder. We wish to prove O is “discrete” in some sense.

From now on, replace «; with d;«;, so they are still a basis of the Q-vector space K,
and furthermore they are now in Og.

Three distinct proofs will be provided.

§56.9.i First proof

We will show that Ok is contained in some free Z-module of rank n.

Specifically, we will show that Ok C (éal, . éan) for some integer d # 0.
Let us pretend that we already know O is a free Z-module of rank n. How would we
compute d?

Exercise 56.9.1. These are a few naive attempts to compute d; unfortunately, they wouldn’t
work. Verify that on (1,1 + 2¢) C Z[d].

o Take d to be the first positive integer that belongs to (a1, ..., a,). (Attempt inspired
by Theorem 55.3.6.)

e Take d to be the product of the norm of ay, ..., a,.

Instead, we compute d by using an idea inspired by how we compute the mesh of the
lattice. Let A = (aq,..., ), then it is a lattice and a free Z-module of rank n.

Exercise 56.9.2. Assume you already know Of is free of rank n. Show that |O /4| is
finite. Conclude that for every © € Ok, then |0k /A| - x € A.

Using the same argument as Problem 57B*, you can prove that the “discriminant”

(squared mesh) of the lattice spanned by aq, ..., ay, is an integer. Formally, let
2
0'1(041) an(al)
d = det
o1(an) ... oplay)

Exercise 56.9.3. Convince yourself (at least when all embeddings are real) that the ratio
of the meshes of Ok and A is exactly the size of the quotient abelian group Ok /A, that is

‘ﬁ‘ = |Ok /A%, Conclude that for every z € O, then d -z € A.
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Which implies O C (éal, e %an% which is another free Z-module of rank n.
However, the argument above is circular since it assumes A exists (it can only serve

as a motivation for where the value d comes from). The actual proof is the following.
Similar to Problem 57B*, we define

d = det [TrK/Q(Oéiaj)]iJ‘

z1
Then, because {«;}; spans K as a Q-vector space, there is some : € Q%" such that
Tn
T1
[041 an} : :(m)
In
Which means
Trijglonar) - Trgjgloran)] [a1 Trg g(a1)
Trgjglanon) -+ Trigjglonan)) \on)  \Triiglona)
Or, in short,
x1
(some matrix € GL,,(Z) with determinant d) - | : | = (some vector € Z%").
In

I Question 56.9.4. Finish the proof that d -« € A. (Cramer’s rule. Or take the adjoint.)

Finally, we have that O is squeezed between two free Z-modules of rank n, so it is
also free of rank n.?

I Question 56.9.5. Finish this. (Theorem 18.1.5 can be used here.)

§56.9.ii Second proof

This time around, instead of dividing by d, we instead take the dual lattice.

What is the dual lattice, and why would we think about using it? One way to motivate
this proof is to look at the inverse of an ideal: if (1) | a (i.e. a is an integral ideal), then
a=t(1).

Here, a=! == {z € K | wa € Ok for all a € a}.

We can think of doing something similar, considering

{r € K |za€ Ok forall a € (a,...,an)}.

This set is actually a lattice of rank n, but this won’t work to prove the argument! We’re
trying to prove O is “discrete” in the first place, if O = K then the set above would
equal K as well.

Instead, we must rely on what we already know — the discreteness of Z. Define

S={r e K| Trg,g(ra) € Z for all a € (a1,...,an)}.

This set is a bit larger than the previous set.

2We did something similar in Remark 55.3.7.
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Question 56.9.6. Verify that this set is a superset of the previous one. Then conclude that
O CS.

Exercise 56.9.7. Consider (1,2i) C Z[i]. What would the set S be? (Recall that the trace
in C is just twice the real part.)

S is still a lattice of rank n — and this time, we can actually prove it! Since we already
know Z is discrete.

Now, this is a purely algebraic problem, we will only need to use knowledge of vector
space here. Each element x € K can be written as a vector

z1
F(x)=|: | €eQ®"

Tn
if we use the basis {aq,...,an}.

Exercise 56.9.8. Show that (z,y) — Trg/g(z-y) can then be written as an invertible matrix
in GL, (Q) — specifically, there exists M € GL,(Q) such that Try g(z-y) = F(z) " MF(y),
where F/(z) T is the transpose of F(x).

Which makes (z,y) = Trg q(x - y) almost an inner product (see Chapter 13), except
that it is not positive definite (for example, in C, we have Tr((1 +4)?) = 0). But having
the matrix invertible suffices to do the following;:

Exercise 56.9.9. Finish the proof. (Hint: Consider the matrix [F(a1) -+ F(ay,)| €
GL,(Q). What is the condition on F(z) such that x € S?)

§56.9.iii Third proof

Recall that we wish to prove Ok is a free Z-module of rank n. To do that, we suppose it
cannot be generated by n elements, then show that O is not discrete, and this causes
trouble because we know the norm is continuous.

Exercise 56.9.10. Consider K = Q®", this gives a topology on K. Verify that = — | N(z)|
is indeed continuous.

We have that for every x € Ok, then |N(z)| € Z.

Exercise 56.9.11. Conclude that there is a ball B(0, ) in the topology above that contains
no element of O, except 0.

Now, what goes wrong if Ok cannot be generated by n elements? Things go wrong
quickly:

Exercise 56.9.12. Suppose (aq,...,a,) generates K as a Q-vector space. Let © € Ok such
that « is not a Z-linear combination of {a, ..., a,}. Show that there is z1,...,2, € [—%, %]

not all zero, and z a Z-linear combination of {a1, ..., a,} such that  + 2z =Y | z;.
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Exercise 56.9.13. With notation as above, suppose z; # 0. Show that if we replace ay
with 2, then the new set {21, s, ..., a,} still spans K as a Q-vector space; furthermore,
the mesh of the lattice gets decreased by at least a half.

Example 56.9.14

Suppose A C C is a lattice. We know 1 € A and i € A, so Z[i] C A.
Assume we know in addition that 2.3 — 3.17 € A.

Because A is closed under addition, we know that (2.3 — 3.17) + (-2 + 3i) =
0.3 —0.1¢ € A. We replace 1 in the basis with 0.3 — 0.1¢. Then, the lattice
(1,0.3 — 0.1¢) C A has smaller mesh than (1,7) as expected.

Since we can do this indefinitely (O never gets spanned), the mesh decreases to 0
rapidly.

So, are we done? Since the mesh goes to 0, maybe the smallest distance of some «;
also go to 07 Almost, but not quite:

Example 56.9.15
Consider oy = 1+ 3¢ and ag = 2 + T7i.
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a2

a1

The mesh of the lattice spanned by a; and as is 1, however, neither aq nor as are
particularly close to the origin.

We need to apply Minkowski bound here again: suppose the mesh is d, then the cube
centered at origin with volume 2"d contains a nonzero lattice point.> This point’s distance
cannot be more than /n - {/d away from the origin.

Remark 56.9.16 — Speaking of which, the LLL lattice basis reduction algorithm
can be used to find in practice a point on the lattice that is close enough to the
origin.

For d small enough, \/n - {/d < r where r is the ball of no lattice point we have shown
above, which gives a contradiction. So we’re done!

§56.10 A few harder problems to think about

Problem 56A. Show that K = Q(v/—163) has trivial class group, and hence O =
2 [MV %] is a UFD.!

Problem 56B. Determine the class group of Q(v/—31).

Problem 56C (China TST 1998). Let n be a positive integer. A polygon in the plane
(not necessarily convex) has area greater than n. Prove that one can translate it so that
it contains at least n 4+ 1 lattice points.

Problem 56D (Lemma 56.3.6). Consider the composition of the embeddings K <
R™ x C'2 = R™. Show that the image of O C K has mesh equal to

1
ora VIAK]-
Problem 56E. Let p = 1 (mod 4) be a prime. Show that there are unique integers

a > b > 0 such that a® + b? = p.

Problem 56F (Korea national olympiad 2014). Let p be an odd prime and k a positive
integer such that p | k2 + 5. Prove that there exist positive integers m, n such that
p? =m? + 5n’.

3Using a sphere would of course make for a better bound, but its volume is a bit harder to calculate.

“In fact, n = 163 is the largest number for which Q(v/—n) has trivial class group. The complete list
is 1,2,3,7,11,19,43,67,163, the Heegner numbers. You might notice Euler’s prime-generating
polynomial t? + ¢t + 41 when doing the above problem. Not a coincidence!



5 7 More properties of the discriminant

I’ll remind you that the discriminant of a number field K is given by

2

al(al) Un(al)
AK = det
o1(an) ... oplay)
where a1, ..., a, is a Z-basis for K, and the g; are the n embeddings of K into C.

Several examples, properties, and equivalent definitions follow.

§57.1 A few harder problems to think about

Problem 57A* (Discriminant of cyclotomic field). Let p be an odd rational prime and
(p a primitive pth root of unity. Let K = Q((,). Show that

Ag = (1) 7 pP 2.

i Problem 57B* (Trace representation of Ag). Let g, ..., o, be a basis for Og. Prove
that
TrK/Q(OC%) ’I‘I'K/Q(OélOéQ) PN TI“K/Q(Oqun)
TI'K/Q(OéQOél) TrK/@(oz%) .. TrK/@(agan)
A = det . . . .
TI'K/Q(O(an) TI'K/Q(OénOzQ) PN TI'K/Q(OénOén)

In particular, Ag is an integer.

Problem 57C* (Root representation of Ag). The discriminant of a quadratic polyno-
mial Az? + Bx + C is defined as B?> — 4AC. More generally, the polynomial discriminant
of a polynomial f € Z[x] of degree n is

1<i<j<n

where z1, ..., z, are the roots of f, and c is the leading coefficient of f.
Suppose K is monogenic with O = Z[0]. Let f denote the minimal polynomial of ¢
(hence monic). Show that

Ag = A(f).

Problem 57D. Show that if K # Q is a number field then |Ag| > 1.

Problem 57E (Brill’s theorem). For a number field K with signature (r1,r2), show that
Ak > 0 if and only if ro is even.

b i i Problem 57F (Stickelberger theorem). Let K be a number field. Prove that

Ag=0orl (mod4).

LY






58 Bonus: Let’s solve Pell’s equation!

This is an optional aside, and can be safely ignored. (On the other hand, it’s pretty
short.)

§58.1 Units

Prototypical example for this section: £1, roots of unity, 3 — 2v/2 and its powers.

Recall according to Problem 54A* that o € Ok is invertible if and only if
We let O denote the set of units of O-.

Question 58.1.1. Show that O is a group under multiplication. Hence we name it the
unit group of O.

What are some examples of units?

Example 58.1.2 (Examples of units in a number field)

1. £1 are certainly units, present in any number field.

2. If Ok contains a root of unity w (i.e. w™ = 1), then w is a unit. (In fact, £1
are special cases of this.)

3. Of course, not all units of O are roots of unity. For example, if O = Z[\/g]
(from K = Q(+/3)) then the number 2 + /3 is a unit, as its norm is

Ngp(2+v3)=2>-3-1°=1.
Alternatively, just note that the inverse 2 — /3 € O as well:

(2-v3) (2+v3) =1.

Either way, 2 — v/3 is a unit.

4. Given any unit u € OF, all its powers are also units. So for example, (3—21/2)"

is always a unit of Z[y/2], for any n. If u is not a root of unity, then this

generates infinitely many new units in Oj.

Question 58.1.3. Verify the claims above that
(a) Roots of unity are units, and
(b) Powers of units are units.

One can either proceed from the definition or use the characterization N q(a) = £1. If
one definition seems more natural to you, use the other.

979
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§58.2 Dirichlet’s unit theorem

Prototypical example for this section: The units of Z[v/3] are £(2 + v/3)™.

Definition 58.2.1. Let yu(Ok) denote the set of roots of unity contained in a number
field K (equivalently, in Ok).

Example 58.2.2 (Examples of u(Ok))
(a) If K =Q(i), then O = Z[i]. So

w(Ok) ={£1,+i} where K = Q(37).

(b) If K = Q(V/3), then O = Z[V/3]. So

w(Ok) = {#1} where K = Q(V/3).
(c) If K = Q(v/=3), then Ok = Z[3(1 + v/=3)]. So
w(Og) = {:I:l, ili2\/j3} where K = Q(v/-3)

where the £’s in the second term need not depend on each other; in other words
w(Ok) ={z128=1}.

Exercise 58.2.3. Show that we always have that u(Og) comprises the roots to z™ — 1 for
some integer n. (First, show it is a finite group under multiplication.)

We now quote, without proof, the so-called Dirichlet’s unit theorem, which gives us a
much more complete picture of what the units in Ok are. Legend says that Dirichlet
found the proof of this theorem during an Easter concert in the Sistine Chapel.

\
Theorem 58.2.4 (Dirichlet’s unit theorem)
Let K be a number field with signature (ri,r2) and set
s=ry+ryg—1.
Then there exist units i, ..., us such that every unit o € Oy can be written
uniquely in the form
a=w-urt... uy®
for w € u(Ofk) is a root of unity, and nq,...,ns € Z.
. J

More succinctly:

We have O = 7271 x 1(Ok).

A choice of uq, ..., us is called a choice of fundamental units.
Here are some example applications.



58 Bonus: Let’s solve Pell’s equation! 581

Example 58.2.5 (Some unit groups)

(a) Let K = Q(7) with signature (0,1). Then we obtain s = 0, so Dirichlet’s Unit
theorem says that there are no units other than the roots of unity. Thus

O ={£1,+i} where K = Q(3).
This is not surprising, since a + bi € Z[i] is a unit if and only if a® + % = 1.

(b) Let K = Q(v/3), which has signature (2,0). Then s = 1, so we expect exactly
one fundamental unit. A fundamental unit is 2 + /3 (or 2 — /3, its inverse)
with norm 1, and so we find

0x ={+2+V3)" |nez}.

(c) Let K = Q(¥/2) with signature (1,1). Then s = 1, so we expect exactly one
fundamental unit. The choice 1 + /2 + /4. So

O ={+(1+V2+ V1) |nez}.

I haven’t actually shown you that these are fundamental units, and indeed computing
fundamental units is in general hard.

§58.3 Finding fundamental units

Here is a table with some fundamental units.

d Unit
d=2 1++2
d=3 2++3
d=5 L(1+5)
d=6 5+2V6

S8

=7 8437
d=10 3++10
d=11 10+ 311

In general, determining fundamental units is computationally hard.

However, once I tell you what the fundamental unit is, it’s not too bad (at least in
the case s = 1) to verify it. For example, suppose we want to show that 10 + 34/11 is
a fundamental unit of K = Q(v/11), which has ring of integers Z[v/11]. If not, then for
some n > 1, we would have to have

10+3W:i(x+y\/ﬁ)n.

For this to happen, at the very least we would need |y| < 3. We would also have
22 — 11y? = £1. So one can just verify (using y = 1,2) that this fails.

The point is that: Since (10, 3) is the smallest (in the sense of |y|) integer solution to
22 — 11y? = 41, it must be the fundamental unit. This holds more generally, although in
the case that d =1 (mod 4) a modification must be made as x, y might be half-integers

(like $(1 4+ V/5)).
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\
Theorem 58.3.1 (Fundamental units of Pell's equations)

Assume d is a squarefree integer.

(a) If d = 2,3 (mod 4), and (z,y) is a minimal integer solution to z? — dy? = +1,
then x 4+ yv/d is a fundamental unit.

(b) Ifd =1 (mod 4), and (z,y) is a minimal half-integer solution to 2% — dy? = +1,
then z 4+ yv/d is a fundamental unit. (Equivalently, the minimal integer solution

to a® — db* = +4 gives 1(a +bV/d).)

(Any reasonable definition of “minimal” will work, such as sorting by |y|.)
. J

§58.4 Pell’s equation
This class of results completely eradicates Pell’s Equation. After all, solving
a? —d- b =+1

amounts to finding elements of Z[v/d] with norm +1. It’s a bit weirder in the d = 1

(mod 4) case, since in that case K = Q(Vd) gives Ox = Z[3(1 + v/d)], and so the

fundamental unit may not actually be a solution. (For example, when d = 5, we get the

solution (%, %)) Nonetheless, all integer solutions are eventually generated.
To make this all concrete, here’s a simple example.

Example 58.4.1 (22 — 5y% = +1)

Set K = Q(v/5), so Ok = Z[4(1++/5)]. By Dirichlet’s unit theorem, O is generated
by a single element u. The choice

1 1
= -4 =5
U 2+2\f

serves as a fundamental unit, as there are no smaller integer solutions to a? —5b* = +4.
The first several powers of u are

n u” Norm
-2 3(3-+5) 1
-1 i1-v5 -1

0 1 1

1 i1+v5) -1

2 13+V5) 1

3 2+v5 -1

4 2(7+3V5) 1

5 3(114+5v5) -1

6 9+ 4+4/5 1

One can see that the first integer solution is (2, 1), which gives —1. The first solution
with +1 is (9,4). Continuing the pattern, we find that every third power of u gives
an integer solution (see also Problem 58B), with the odd ones giving a solution to
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22 — 5y?> = —1 and the even ones a solution to 22 — 5y?> = +1. All solutions are
generated this way, up to =+ signs (by considering +u™").

§58.5 A few harder problems to think about

Problem 58A (Fictitious account of the battle of Hastings). Determine the number of
soldiers in the following battle:

The men of Harold stood well together, as their wont was, and formed thirteen
squares, with a like number of men in every square thereof, and woe to the
hardy Norman who ventured to enter their redoubts; for a single blow of
Saxon war-hatched would break his lance and cut through his coat of mail . .
. when Harold threw himself into the fray the Saxons were one might square
of men, shouting the battle-cries, “Ut!”, “Olicrosse!”, “Godemite!”

Problem 58B. Let d > 0 be a squarefree integer, and let u denote the fundamental unit
of Q(v/d). Show that either u € Z[V/d], or u™ € Z[Vd] <= 3 |n.

Problem 58C. Show that there are no integer solutions to
2 — 3497 = -1

despite the fact that —1 is a quadratic residue mod 34.
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